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THRESHOLD F-POLICY AND N-POLICY
FOR REDUNDANT MACHINING SYSTEM

»We develop a Markovian redundant machining system for F-
policy and N-policy by using birth & death process. To formulate
the mathematical model, we construct the steady state governing
equations In terms of probabilities by using the appropriate rates of
In-flow and out-flow.

»We develop (m, M) model for multi-component system under the
assumption that the system fails when there are L=M+S-m+1 (m=1,
2,...,M) or more failed machines/units in the system. We use
recursive method to solve the steady state governing equations and
performance indices for both policies models.




Model Description
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Fig. 6.1: State transition diagram for F-policy model

N— /]‘" N “‘E 2 ;“’L—l
7. . :‘i' :E

Fig. 6.2: State transition diagram for N-policy model
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The state dependent probabilities for both models

are stated as below:

Probability that there are n failed machines in the system and the
failed machines are either allowed (J=1) or not allowed (j=0) for
repair in case of F-policy model.

i - Probability that there are n failed machines in the system and the

server is either busy (J=1) or idle (J=0) in case of N-policy
model.



Governing Equations

- The state dependent failure rate is defined by

(MA+(S—n)o; 0<n<S

Ap=41(M +S—n)ry; 0<n<S

0 ,  otherwise

The steady state difference equations for F-Policy model

can be defined as:
¢ For J=0, when failed machines are not allowed in the system.

1P o =BRo ...(6.1),
LPhi10 =@M +B)Pho:1=<n<F ...(6.2)
Phi10=Pho; Frl<sn<L-1 ...(6.3),
A-1PL10=HP_0 ...(6.4)
** For J=1, when failed units are allowed for repair in the system.
R1+BRy,0=oRb ..(6.5)
An-1Pn-11+ 1R 111+BR 0=(Ant)Py 1 1sn<F ...(6.6)
An—1Ph-11+ P11ty 15 F+1<n<L -2 ..(6.7)

A 2Pl 21=(A 1WA 11 F# LA ..(6.8)



1 L1
The normalization condition is givenby >° > Py j+P o=1  ..(6.9)
Jj=0n=0

Eqns (6.1)-(6.3) have been solved recursively and steady state
probability can be obtained as:

Ph,0=5(1+8)" P, 1<n<F ....(6.10),
_B
Ph,0=5(1+8)" P, ;F+i<n<L L. (6.11), where o
o ud(L+8)" .
L-11= 0,0 (6.12
L1 (6.12)
F
(h+AL_1)ud(l+0)
PL_21= Fo,0 ..(6.13
AL-ML-2 (6.13)
5 [ L—n-1 L1 |
Ph1= LF—l > o™ T Aip[F<n<L-1 ..(6.14)
I[]. Al m=0 i=m+F )

I=n 6



¢ Product Formula may be defined as:

p+1

I | %j; for any number p

I=p

¢ In equation (6.8), we put n=F,F+1,F+2,...1, and get:

L-1

OF L—Zn:—1 m Ii—_[l 33 F
Pr1=—7= u 2 |-
IIF ' AjL m=0 i=m+F AE-1(1+9)
i=F -1
L-(F-1) ( _
_ OF ( )% oL il e D%E 5o
PE21=—77 > T A S :
I1. AL m=0 | i=miF-1 F_1hE_2 (14 0)
i=F -2
5|: m L-1
PF—3,l: - H 7"i
i=m+F-2

C(ME_pME_g tUAE 1 +Y)SSE  (nthE_p)O8E

[L(FZ)
Hi _E _37Vi m=0 |

55

A _3AFaAp_2(1+0)

LE_3hE_2(1+8)°

A _3(1+8)°

(6.15)

(6.15a)

(6.15b)



1:[7% m=0l i=m:2 )] (i) Lm0l i=ms 1 +5)F-2f[xi m=0 i=m+2 11(1+9)"
i=1 i= i=
F-n-k . F-k
s [Ln-if L Fa| 2 [“ l Xi]
Pn,1=ﬁ{ = {”m g MH_SFSZ e (619
Hki m=0 I=n+m+1 k=1 (1+6)k H 3
=N =N

1 F-n-k . F—k
F T = 2 WF e mZ::O [“ i—ngmkll
Py,o* = (1+0) {L+3(L-F)}+pd(1+8)" Y {u | I1 xi} ~ud°(1+8)" ) = ..(6.17)
n=0 Hi:nki m=0 i=n+m-+1 | n=0 (l+8)k H A\
) i=n
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The steady state difference equations for N-Policy can be

| defined as:
¢ For j=0, when the server is idle
mQy1=20Q0,0 (6.18)
AnQn,0 =An-1Qn-1,0: 1=n<N-1 (6.19)
(An +7)Qn,0 =An-1Qn-1,0: N<n<L-1..(6.20)
WQro=AL1Qa1 (6.21)
¢ For j=1, when server is busy.
(A +m1)Q1=nQ21; N=1 (6.22)
(An +1)Qn1 = An-1Qn-1,1+tMQn111; 2<N<N -1 ..(6.23)
(An +1)Qn1 = An-1Qn-1,1+t1Qn111+1Qn 0: N<n <L -1...(6.24)
vQL1=AL-1QL-11+YQL,0 ....(6.25)
The normalize conditions is given by
1 L
Qoo+, 2. Qnj=1 (6.26)

j=0n=0



Equations (6.18)-(6.26) have solved recursively and steady state
probability as:

Qnho= ;L—OQO,O; 1<n<N-1 (6.27)
n

Now in Equations (6.20), we put n= N,N+1,N+2,....,L-1, and we get :

A n |
Qno= 0300 16 N<n<L1 ... (6.28), where 6; = Ai
| A i=N Aj+7
AL—1QL-10 60Q0,0
QLo = = =116 (6.29)
1-0g
=N
20Q0.0
Q1= . = (6.30)
Ao (A +1)Qp 0
Q21 = S e (6.31)
)

n-1 n-1
Qni= 1000 3 {um I ki};ls n<N (6.32)

n
H m=0 i=m—1




0Q0,0 N 70Qo,0
ON+L1= ] ™ TT digp- A TN O (6.33a)
[ m=0 I=m+1
MoQoo NI Nt 20Q0,0
ON+21= 35 T ) B e YNNI [SSCIND RNTURSCIN INRED ) e (6.33b)
[ m=0 i=m+1 [
10Qo,0 N2 | o NE2 20Q0,0
ON+31= N33 Wt IT % p-——% {N2AN 410N ) + AN 12— 0N ON 1) + 1 (A—ONON 11ON 1 2)}.-....(6.33C)
u m=0 i=m+1 H
10Qo,0 N3 N3 oQo 0
ON+41= N34 W IT 2%ip- {AN+3AN+2AN1A-ON) + AN 13N +2(L-ONON 41)--
[ m=0 I=m+1 lvl
AN 30-ONON 10N +2) + O A-ONON1ON+ 20N )Y (6.33d)
10Qo,0 & oQoo
Qui=——"" 2 1in H A ST AN AN AL AN+ 2= ONON 1) + -
[ m=0 I=m+1

N0 ON 110N 2.0 1)...(6.33¢)

XOQOO n-1 n-1 n-1 m n-1
Qn,1=—n’2{ | 7»} NS um‘N[l—HeiJ IT *i iN+1<n<Lons (6.34)

H m=0 i=m+1 m= i=N i=m+1
N -1 —1 L n-1 n-1
1 A A 09 A
Qoo "= Z(HK—OJ { ° 11 ] i+ ﬂ 2T T A
n=0 n ”l N N nt| & m=0 i=m+1

L % n-1
-y an Z{m [ He]}]‘[xi ........................................... (6.35)

n=N+1| 4 m=N
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Performance Measures for F-policy

eExpected number of failed units in the system is

L L-1 F L-1 L—n-1 L-1
E(NF) — Z nPn,O"'Z nPn,l — {1_ (1+8) (1_F8)}+ (L— F)(2L+ F+1) 6(1+6)F +M8(1+8)F z Ll_l Z {Mm H }\'l} (636)

n=1 n=1 0 n=1 II_ Aj m=0 i=n+m+1
I=n
*The probability that the server being idle is
I Fok( - Fk ]
e L1 FoX [“ 1 x,}
P(IE) =Py ] > {um I1 xi}—sz m=0 ';rj(m” ud(l+8)F +1| ..(6.37)
Hi :07“‘ m=0 i=n+m+1 k=1 (1+8)k H Aj
i=n | i

*The probability that the server being busy

F—n-k F-k
L1, Lenl L1 FaF 2 (“ni I1 x,}
PUE)=Ryo| md@+8)" | > — > {um T xi} 5y Y m=0 i=nem+l L s 8)F L+ 50 F)Y=1] |..(6.38)

_ K
n=1 Hi _ nxi m=0 i=n+m+1 n=1k=1 (1+5) H A
i=n

*The probability that the server takes startup time before sta;ting the service to the

failed units is F .
PSTE)= Y. Pho=(+3)" Rog (6.39)
n=0

*The probability that the system is blocked (i.e. the failed unit is not allowed to join the queue).
L
P(SBE)= Y Pho=@+8) [L+(L-F)sIRy g (6.40)
n=0

eThe probability of build up state is obtained as ]

P(SBE)= > Pro=0+8) (L-F)skyo (6.41)
n=F+1



*The expected number of operating units in the system is obtained for two cases as:

S
+* Case-1: When S<F :E(oF)M{%[l-{l-&(F—S)}(HS)F5]-%(1+5)F(|_— F-1)(L+ F—ZS)}L
Fo—k(  Fk |
L1 | os) Lot L1 FaF X (” 1 ki}
ws+8)F | > 7y {um I1 xi} 5y Ym0 ';rj(m“ .....
n=S+1 Hi:nki m=0 i=n+m+1 n=S+1k=1 (1+5)k H Aj
i=n |
¢ Case-2: When S>F :
8 = L A (R
E(Op)=M—| —{@+8)" (L-S)(L—S+D}+ud1+35) > 1 o™ I digl| s (6.43)
2 n=S+1 H Aj m=0 i=n+m+1
I=n
*The throughput of the F-policy system is obtained as
L L-1
The = D 1Pho+ X MPag (6.44)
n=1 n=1

*The expected number of warm standby units in the system is obtained as follows:

. S

% Case-1: When S<F: E(O,:)—M—{%[l—{l—S(F—S)}(lJrS)F_S]—g(l+8)':(L—F—l)(L+ F—ZS)}r
I Fon-k(  F-k ]
L1 | g Ll L1 F1F 2 [“ 1 ki}

u6(1+8)F Z (L—i Z {”m H Xi} _5 Z Z m=0 |;rl+km+1
& Case-2: When S>F : n=S+1 Hi :nxi m=0 i=n+m+1 n=S+1k=1 1+8)k H A
5 . - fl L] g Lot L1 =
E(Op)=M- E{(1+é3) (L-S)(L-S+D}+pd(1+8)" | D - o™ TT Al (6.46)
n=S+1 H Aj m=0 i=n+m+1

I=n

(6.42)

...... (6.45)



Performance Measures for N-policy

eExpected number of failed units in the system is

L-1 2% Lo n LA n-1 n-1 L Wv n— N n-1 n-1
E(NN) = [Zn—+zn—01‘[e, 0]‘[9] Z—nOZ{umH%i}— > 2 Z{m (1—H6i)Hki}.(6.47)
=1 Mn n=N knl =1 & m=0 i=m+1 n=N+1 u m=N i=m+1  i=m+1

*The probability that the server being idle is
L N-1 L-1 n n
P(IN) = D, Qn,o-Qo,o[ > (1+§:—0)+ > [i—gl‘[ ei}rlf)g 11 ei] ............ (6.48)
1=

n=0 n=0 N n=N 0i=N

*The probability that the server being busy

L Ao n-1 L 2% n-1 B m n-1
P(BN)ZQM_QO{Z[ Z{ H x}] > [ nON[ > {um N(l—]‘[eij 11 xi}ﬂ ............ (6.49)
i=N

=1 =1 H m=0 i=m+1 n=N-+1| & m=M i=m+1

*The probability that the server takes startup time before starting the service to the
failed units and to build up state is

-1
P(STN)—ZQnO QOO[ZZ(;‘—HG) He} ............ (6.50), P(BSN)_ZQnO OQOOZ— ............ (6.51)
n=N n=N "Nj n=1 n=1 An
*The expected number of operating units in the system is obtained for two cases:

+* Case-1: When S<N:

N—

Z (n- S)r+2(n S)”OHe,

n=S+1 n n|N

+i[—(”sn)k° 3 {um f[ kiH— i {(nns),ﬁ 05 {“mN(l— nl_[_1 %) rﬁl %i}]- (6:52)

n=1 u m=0 i=m+1 n=N+1| H =N i=m+1  i=m+1

(L S)Oo

P(ON) = [ H9]
i=N




+* Case-2: When S>=N:

P(ON) = { S (- )20 0 17 05+ (L= S)GOHG. 5 {(” 51 Z{ i xim
i=N

n=S+1 nl N n=S+1 H m=0 i=m+1
n—S) n-1 n-1 n—
—Z[( )OZ{mN(l—HGi)HM . (6.53)
n=S+1 lvL i=m+1  i=m+1

*The expected number of warm standby units in the system is determined for two
cases as follows:

+* Case-1: When S<N:

S-1 n-1
P(SN) = Qoolzm 5)7‘0 Z[(” Sio Z{ I1 xi}” .............. (6.54)

] T i=m-+1

+* Case-1: When S>=N:

N-1 Ao -1 (n_S)xO n-1 o n-1
P(Sn)=Qoo| 2. (n- S)—+Z(n ) He. PIRT Y
n=

n=1 A Mo m=0{ i=m+1
B ot [(n S)hg Z { m— N(1— e o) H xH . (6.55)
n=N+1 M i= m+1 i=m-+1
eThroughput of the N-policy system is
Thy = iMQn,l (6.56)

n=1



Numerical Illusration
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Fig. 6.3: Expected number of failed machine E(Ng ) by varying
() (k. o), (1) (A,p), (1) (B, &) and (iv) (B, p).
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Fig. 6.4: Expected number of failed machine E(Ny ) by varying
() &, o), (i1) (), (HI)(y, o) and (iv) (y, ).
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Fig. 6.5: Expected number of failed machine (i) E(Ng ) by varying (A, F),
(i) E(Ng ) by varying (u, F),(iii) E(Ng ) by varying (A, N),(iv) E(Ng ) by varying (u, N).
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Fig. 6.6: Throughput of the system (i) Thy by varying (i, N), (i) Thy by varying (u, y),

(1) Thg by varying (i, B),(iv) Thg by varying (u, F).
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Conclusions

“+The average number of failed machines in case of both
policies seems to increase with the increase in the failure
rate of operating machines, failure rate of standbys
machines and setup rate.

**The throughput of the system for N-policy model
Initially increases then decreases. But, for F-policy model,
throughput increases sharply; it is due to the fact that the
server Is always available for the service in case of F-
policy model.

20




